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Abstract

Under standard regularity conditions, the maximum likelihood estimator (MLE) is the most
efficient estimator at the model. However, modern practice recognizes that it is rare for the
hypothesized model to hold exactly, and small departures from it are never entirely unexpected.
But classical estimators like the MLE are extremely sensitive to the presence of noise in the
data. Within the class of robust estimators, which constitutes parametric inference techniques
designed to overcome the problems due to model misspecification and noise, minimum distance
estimators have become quite popular in recent times. In particular, density-based distances
under the umbrella of the Bregman divergence have been demonstrated to have several advan-
tages. Here we will consider an extension of the ordinary Bregman divergence, and investigate
the scope of parametric estimation under continuous models using this extended divergence
proposal. Many of our illustrations will be based on the GSB divergence, a particular example
of the extended Bregman divergence, which appears to hold high promise within the robustness
area. To establish the usefulness of the proposed minimum distance estimation procedure, we
will provide detailed theoretical investigations followed by substantial numerical verifications.

Keywords— Bregman Divergence, S-Divergence, GSB Divergence, Continuous model, Basu and Lind-
say approach, Transparent kernel

1 Introduction

The likelihood principle is the cornerstone of classical statistical inference. As the discipline evolved, statis-

ticians became more aware of the need to simultaneously focus on the efficiency and robustness aspects

of the procedure. While robustness is almost a default requirement in statistical data analysis today, it is

important to keep the efficiency loss, which is often a side effect of enhanced robustness, at a minimum

for robust procedures. The minimization of density-based statistical divergences has been proved to be a

useful alternative to the likelihood-based procedures in this regard. See, e.g., Leise and Vajda (1987), Pardo

(2006) and Basu et al. (2011). Many minimum divergence procedures lead to methods that combine strong

robustness and high asymptotic efficiency. An estimation procedure based on density-based divergences

minimizes some measure of discrepancy between the model density and a non-parametric estimate of the

data density. When it satisfies certain properties, this measure of discrepancy can be called a divergence, or

a statistical distance.
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Recently, Basak et al. (2021) have proposed an extension of the ordinary Bregman divergence (see

Section 2). This proposal allows the description of a large class of density-based divergences that includes

the ordinary Bregman divergence, but contains a much larger collection which, together with suitable data-

based strategies for the selection of the optimal divergence in any given practical situation, gives improved

optimal choices over the ordinary Bregman divergence class when applied to parametric estimation. B&B

have illustrated the advantages of using such a strategy through the use of the GSB divergence (short for

generalized S-Bregman divergence) over the class of discrete parametric models. It is our aim here to show

that, with some additional refinements, improved parametric estimation may be performed in standard

continuous models as well.

In many minimum divergence procedures, the construction of the empirical data density may require the

use of a suitable non-parametric smoothing technique – such as kernel density estimation – in continuous

models. This branch of minimum distance estimation is not new, and originated with the seminal work of

Beran (1977), and the approach has been widely used in the subsequent literature. With the addition of this

(or other, similar) smoothing components, the procedure has an additional level of theoretical complexity

and the bandwidth selection becomes an issue. In this context, we propose to use the suggestion of Basu

and Lindsay (1994), which helps to overcome the problems related to the slow convergence of the kernel,

and makes the bandwidth selection problem a less critical one.

The measures of discrepancy used in this branch of statistical literature do not necessarily involve math-

ematical metrics. They do not necessarily satisfy the triangle inequality, or may not even be symmetric in

the arguments. The only properties we require are that the measures are nonnegative, and equal zero if,

and only if, the two arguments are identically equal. In this sense, they are actually divergences, although

in the literature, they are often referred to as statistical distances, or, somewhat loosely, just as distances.

The rest of the paper is organized as follows. In Section 2, we introduce the extended Bregman divergence.

In Section 3, we introduce our proposal regarding discovery of another large superfamily, i.e., the generalised

S-Bregman divergence family. In the next section, the Basu-Lindsay approach is revised along with its

application in our divergence family. In Section 5, its robustness is analyzed through the Influence Function.

In Section 6, its asymptotic distribution is derived along with its property of consistency. Then we discuss

about transparent kernel in the next section. Tabular representations of simulation results are given in

Section 8. Section 9 helped us to explore its usage in real life datasets. We have put an end to this paper

by a concluding remark in Section 10.
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2 The Extended Bregman Divergence

The Bregman divergence, introduced by Bregman (1967), is defined as

Dψ (x,y) =

{
ψ (x)− ψ (y)− 〈∇ψ (y) ,x− y〉

}
, (1)

for any strictly convex function ψ : S → R and any two p-dimensional vectors x,y ∈ S where S is a convex

subset of Rp; here ∇ψ represents the gradient of ψ with respect to its argument. In the field of statistics,

a suitable variant of this divergence has enormous applications. Let p = 1; given two probability density

functions g and f with respect to the same measure, the Bregman divergence between them (corresponding

to the strictly convex function ψ) is given by the integrated expression

Dψ (g, f) =

∫ {
ψ (g (x))− ψ (f (x))−∇ψ (f (x)) (g (x)− f (x))

}
dx. (2)

The strict convexity of the function ψ immediately indicates the divergence properties of the above measure.

Many well-known divergences, including the Kullback-Liebler divergence and the squared L2 distance, belong

to the Bregman class for suitable choices of the defining convex function ψ. More generally, the celebrated

density power divergence (DPD) class proposed by Basu et al. (1998) constitutes a particular subfamily of

Bregman divergences. Yet, there are many other popular divergences (or divergence families) which do not

belong to the Bregman class. Prominent examples are presented by the power divergence (PD) family of

Cressie and Read (1984), or, more generally, by the class of S-divergences of Ghosh et al. (2017). B&B have

considered a refinement of the ordinary Bregman divergence by introducing powers of the densities, rather

than the densities themselves, as arguments. The extended Bregman divergence corresponding to a strictly

convex function ψ and a non-negative exponent k is then given by

D
(k)
ψ (g, f) =

∫ {
ψ
(
gk (x)

)
− ψ

(
fk (x)

)
−
(
gk (x)− fk (x)

)
ψ′
(
fk (x)

)}
dx. (3)

It is easily seen that through the choice ψ (y) = − y
1

1+λ

λ
, λ ∈ R, with k = 1 + λ, we recover the PD family

having the form

PDλ (g, f) =
1

λ (λ+ 1)

∫ {(
g (x)

f (x)

)λ
− 1

}
g (x) dx, λ ∈ R. (4)
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On the other hand, if we consider ψ (y) = y
1+B

A

B
, A = 1 + λ (1− α), B = α − λ (1− α), A + B = 1 + α,

α ≥ −1, λ ∈ R and k = A, we get the two-parameter S-divergence family (Ghosh et al., 2017) having the

functional form

S(α,λ) (g, f) =

∫ {
1

B

(
gA+B − fA+B

)
−
(
gA − fA

) A+B

AB
fB
}
dx. (5)

In the above, we have dropped the dummy variables from the density expressions for simplicity; the expres-

sions gA and gA+B should be read as gA(x) and gA+B(x), and so on. Note that the PD family is a special

case of the S-divergence family for α = 0. Thus, while the PD and S-divergence families are not captured

by the ordinary Bregman divergence, they do belong to the extended Bregman class.

The expression in Equation (3) represents the general form of the extended Bregman divergence between

two densities g and f with respect to the same measure. The main motivation for defining this divergence

is that it allows the description of a large collection of divergences through a single umbrella, which is not

possible with the ordinary Bregman divergence. By extension, the choice of different convex functions and

different values of the exponent k, lead to the construction of rich classes of previously unknown diver-

gences, possibly providing better compromise between robustness and efficiency in parametric estimation in

minimum divergence estimation.

3 The Generalized S-Bregman (GSB) Divergence

By using different ψ functions and different exponents k, one can generate different classes of previously

unexplored divergences which might provide improved choices in parametric estimation. In this section, we

will consider such a divergence class, which is a generalized form containing both the S-divergence and the

Bregman exponential divergence (BED) proposed in Mukherjee et al. (2018). This divergence class has the

form

D∗ (g, f) =

∫ {
eβf

A
(
βfA − βgA − 1

)
+ eβg

A

+
1

B

(
gA+B − fA+B

)
−
(
gA − fA

) A+B

AB
fB
}
dx, (6)

where A + B = 1 + α, A = 1 + λ (1− α), B = α − λ (1− α), α ≥ −1, β, λ ∈ R. The above divergence

corresponds to ψ(x) = eβx + x
1+B

A

B
with k = A.

The divergence measure in Equation (6) is a function of three tuning parameters α, λ and β. The

(extended) BED family with parameter β is recovered from the above form for A+ B = 0 with A 6= 0 and
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B 6= 0 and exponent k = A. With k = A = 1, the ordinary BED is obtained. The choice β = 0 produces

the S-divergence family with parameters α and λ represented in terms of A and B. Further special cases

include the PD family (for α = 0 and β = 0) and the DPD family (for λ = 0 and β = 0) . The divergence

in Equation (6) will be referred to as the GSB (Generalized S-Bregman) divergence.

4 The Estimation Scheme Under Continuous Models

We assume that both the true data generating distribution G as well as the model family F = {Fθ : θ ∈ Θ ⊂

Rp, p ≥ 1} belong to the class of all probability distributions having densities with respect to the Lebesgue

measure.

Suppose X1, X2, . . . , Xn be independently and identically distributed sample observations from an un-

known distribution G having density g with respect to the Lebesgue measure. To find the minimum diver-

gence estimate of θ, we need to minimize a distance/divergence between the data density and the model

density fθ. However, since the data density g is unknown, we need an empirical, non-parametric estimate

of the data density for the construction of the divergence. In case of discrete models, one can simply con-

sider the relative frequencies of the support points in the random sample as the estimator ĝ of the data

density g, while, for continuous models, one need to use some kernel density estimate of g to obtain ĝ. The

corresponding estimating equation of the MGSBE, in general, has the following form:

∫
K (δ (x))

(
A2β2eβf

A
θ (x)f2A

θ (x) + (A+B) fA+B
θ (x)

)
uθ (x) dx = 0, (7)

where δ (x) = δn (x) = ĝ(x)
fθ(x)

− 1 = rn(x)
fθ(x)

− 1. It concludes with the derivation of the influence function of

minimum GSB divergence functional, obtained through the differentiation of the above estimating equation

(under contaminated density), with the following expression

IF (y,G, Tα,λ,β) = J−1
G NG (y) , where, (8)

NG (y) =
(
A2β2eβf

A
θg (y)fAθg (y) + (A+B)fBθg (y)

)
gA−1 (y)uθg (y)

−
∫ (

A2β2eβf
A
θg (x)fAθg (x) + (A+B)fBθg (x)

)
gA (x)uθg (x) dx,
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JG = A2β2

∫
eβf

A
θg (x)fAθg (x)

(
2fAθg (x)− gA (x)

)
uθg (x)uTθg (x) dx

+ A3β3

∫
eβf

A
θg (x)f2A

θg (x)
(
fAθg (x)− gA (x)

)
uθg (x)uTθg (x) dx

+ (A+B)

∫
fBθg (x)

(
(A+B) fAθg (x)−BgA (x)

)
uθg (x)uTθg (x) dx

+ A2β2

∫
eβf

A
θg (x)fAθg (x)

(
gA (x)− fAθg (x)

)
iθg (x) dx

− (A+B)

∫
fBθg (x)

(
fAθg (x)− gA (x)

)
iθg (x) dx.

When g = fθ, this influence function will be reduced to,

IF (y, Fθ, Tα,λ,β) = J−1
Fθ
NFθ (y) , (9)

where

JFθ =

∫ (
A2β2eβf

A
θ (x)f2A

θ (x) + (A+B)fA+B
θ (x)

)
uθ (x)uTθ (x) dx,

NFθ (y) = A2β2eβf
A
θ (y)f2A−1

θ (y)uθ (y) + (A+B)fA+B−1
θ (y)uθ (y)

−
∫
A2β2eβf

A
θ (x)f2A

θ (x)uθ (x) dx−
∫

(A+B)fA+B
θ (x)uθ (x) dx.

Further details are available in Basak et al. (2021). Whenever the model is continuous, the data generated

by a sample are still discrete, so that there is an obvious mismatch of measures in using relative frequencies

for the estimate of the data density. This necessitates the construction of a continuous non-parametric

density estimate of the data density through a suitable smoothing method like kernel density estimation.

For estimating the unknown parameter θ through a minimum divergence procedure in this setup, we now

consider the following approaches.

1. The Beran approach (Beran, 1977): In this case one employs the kernel density estimation procedure

for estimating the data density g to get

g∗n (x) =
1

n

n∑
i=1

W (x,Xi, h) =

∫
W (x, y, h) dGn (y) , (10)

where W is some smooth kernel function, h is the bandwidth, Gn is the empirical distribution of G

and Xi’s are the given sample observations. The kernel function W is usually a symmetric density

like the Epanechnikov or the Gaussian. The minimum distance estimate of θ is obtained through

the minimization of ρ(g∗n, fθ) over θ ∈ Θ, where ρ(·, ·) is a generic divergence. However, the kernel

smoothing introduces a bias in the density estimate, which has to be asymptotically corrected by
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choosing the bandwidth h = hn to be a function of the sample size and letting it slide to zero at the

appropriate rate with increasing n. This smoothing component, which is an intermediate step in our

estimation scheme, adds an additional layer of theoretical complexity to the procedure, as the choice

of the bandwidth now becomes crucial.

2. The Basu-Lindsay approach (Basu and Lindsay, 1994): It suggests smoothing the model density and

the true density with the same kernel function and the same bandwidth. Suppose f∗θ be the kernel-

smoothed version of model density fθ, which has the form

f∗θ (x) =

∫
W (x, y, h) dFθ (y) =

∫
W (x, y, h) fθ (y) dy. (11)

Here, we will find the minimum distance estimate of θ corresponding to a generic divergence ρ by

minimizing the divergence between g∗n and f∗θ . This approach differs from Beran’s approach in that

the bias introduced in the data due to kernel smoothing is compensated by the introduction of the

same bias in the model by smoothing it with the same kernel. Since the kernel g∗n converges to the

smoothed model f∗θ pointwise for any fixed bandwidth h, we have fixed h consistency in this approach.

Thus, while a bandwidth selection will still be necessary in this case, it is certainly not as critical as it is

under the Beran approach. Consistency, in any case, is not dependent on the choice of the bandwidth.

See Basu and Lindsay (1994) for more details on this estimation scheme.

As indicated earlier, we employ the second approach in our proposed estimation scheme under the

continuous setup. Here, our main target is to find that element of F, which provides the minimum distance

between the smoothed model density and the true density. To find that element under this approach, we

first define the first and second order derivatives of the log-likelihood of the smoothed version of the model

density as

ũθ (x) = ∇ log f∗θ (x) , (12)

∇ũθ (x) = ∇2 log f∗θ (x) , (13)

where the j-th element of expression (12) and (j, k)-th element of expression (13) are denoted by ũjθ (x)

and ũjkθ (x) respectively. Evidently, a routine differentiation of the divergence D∗(g∗n, f
∗
θ ) will give us the

reduced estimating equation

∫
K(δ∗n (x))

(
A2β2eβf

∗A
θ (x)f∗

2A

θ (x) + (A+B) f∗
A+B

θ (x)

)
ũθ (x) dx = 0 (14)
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with

δ∗n (x) =
(g∗n (x))

(f∗θ (x))
− 1,

The estimator obtained through solving Equation (14) will be denoted as the minimum GSB* divergence

estimator (notation being in the same spirit as the minimum S∗-divergence estimator). Generally this

estimator is different from the minimum GSB divergence estimator under the Beran approach (a consequence

of smoothing the model); the asymptotic distribution of the minimum GSB estimator under the Beran

approach and the minimum GSB∗ divergence will also be generally different, except under the consideration

of the transparent kernels which satisfy condition (37) in Section 7.

5 Influence Function under the Continuous Setup

The Influence Function (IF) is one of the most popular tools that may be used to check the robustness of a

statistical functional. It represents the rate of change in that functional due to an infinitesimal contamination.

We have already defined the empirical version of the smoothed data density in Section 2. Here, we

consider the corresponding population version. Hence, the kernel smoothed version of the true density g will

be

g∗ (x) =

∫
W (x, y, h) dG (y) =

∫
W (x, y, h) g (y) dy. (15)

The minimum GSB* divergence estimator functional, denoted by T ∗α,β,λ (G), will be defined by the relation

D∗
(
g∗, f∗T∗

α,β,λ
(G)

)
= min{D∗ (g∗, f∗θ ) : θ ∈ Θ}, (16)

provided the minimum exists. Let us now consider the contaminated distribution Gε (x) = (1− ε)G (x) +

εΛy (x) with Λy being the distribution degenerate at y. Suppose gε denotes the corresponding contaminated

density with g∗ε being its kernel-smoothed version. Evidently, g∗ε = (1− ε) g∗ + εW (x, y, h). To derive the

IF, we will take the derivative of both sides of the following equation

∫
K (δε (x))

(
A2β2eβf

∗A
θ (x)f∗

2A

θ (x) + (A+B) f∗
A+B

θ (x)

)
ũθ (x) dx = 0, (17)
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where δε (x) =
g∗ε (x)
f∗
θε

(x)
− 1 and we get,

IF(y;G,T ∗α,β,λ) = [J∗g ]−1N∗g (y), where

N∗g (y) =

∫ [
A2β2eβf

∗A
θg (x)f∗

A

θg (x) ũθg (x)g∗
A−1

(x)(W (x, y, h)− g∗(x))

]
dx

+

∫ [
(A+B)f∗

B

θg (x)g∗
A−1

(x) ũθg (x)(W (x, y, h)− g∗(x))
]
dx

=

∫ (
A2β2eβf

∗A
θg (x)f∗

A

θg (x) + (A+B)f∗
B

θg (x)

)
W (x, y, h)g∗

A−1

(x) ũθg (x)dx

−
∫ (

A2β2eβf
∗A
θg (x)f∗

A

θg (x) + (A+B)f∗
B

θg (x)

)
g∗
A

(x) ũθg (x)dx.

J∗g =

∫ (
A3β2eβf

∗A
θg (x)f∗

2A

θg (x)(2 + βf∗
A

θg (x)) + (A+B)2f∗
A+B

θg (x)

)
ũθg (x)ũTθg (x)dx

−
∫ (

A2β2eβf
∗A
θg (x)f∗

2A

θg (x) + (A+B)f∗
A+B

θg (x)

)
ĩθg (x)dx

−
∫ (

A3β2eβf
∗A
θg (x)g∗

A

(x)f∗
A

θg (x)(1 + βf∗
A

θg (x)) + (A+B)Bf∗
B

θg (x)g∗
A

(x)

)
ũθg (x) ũTθg (x) dx

+

∫ (
A2β2eβf

∗A
θg (x)f∗

A

θg (x)g∗
A

(x) + (A+B)f∗
B

θg (x)g∗
A

(x)

)
ĩθg (x)dx, (18)

with θg being the best fitting parameter under G. Moreover, when g = fθ, the influence function becomes

J∗ =

∫ (
(A+B)f∗

A+B

θ (x)ũθ(x) ũTθ (x) +A2β2eβf
∗A
θ (x)f∗

2A

θ (x)ũθ(x) ũTθ (x)

)
dx,

N∗ =

∫ (
A2β2eβf

∗A
θ (x)f∗

2A−1

θ (x) + (A+B)f∗
A+B−1

θ (x)

)
ũθ(x)W (x, y, h)dx

−
∫ (

A2β2eβf
∗A
θ (x)f∗

2A

θ (x) + (A+B)f∗
A+B

θ (x)

)
ũθ(x)dx. (19)

For the above influence function to be bounded, we need to control the two terms in the first integral

of N∗, which we indicate as Term I and Term II. For most parametric model densities fθ with model score

function uθ the integral
∫
fτθ (x)uθ(x)dx is bounded for τ > 0, as the model density fθ helps to downweight

the score functions of unlikely values. With a bounded kernel (this boundedness will be a part of our

standard assumption), therefore, Term II will be controlled whenever A + B > 1. If the density f∗θ (x) is

bounded (alternatively if fθ(x) and the kernel is bounded), then Term I is also bounded for 2A > 1. On

the other hand, for β ≤ 0, boundedness of kernel alone is sufficient for controlling Term I when the kernel

is bounded. In particular, under the normal model, the influence function is bounded for A + B > 1 and

2A > 1.

For unbounded model densities, the influence functions may be bounded for specific models and specific

tuning parameter combinations. But the generalized arguments in such cases may not be so obvious.
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For bounded densities, with bounded kernel functions, therefore, the subregion of R3 in terms of tuning

parameter combinations which lead to bounded influence may be analysed by the conditions described above.

These calculations describe the following set

(α, λ, β) ∈ S = S1 ∪ S2 ∪ S3 ∪ S4, where (20)

S1 =

{
α > 0, λ ∈ R, β = 0

}
, S2 =

{
α > 0, λ = − 1

1− α, β 6= 0

}
,

S3 =

{
α = −1, λ ≥ −1

4
, β 6= 0

}
, S4 =

{
α > 0, λ(1− α) > −1

2
, β 6= 0

}
. (21)

Some plots of the bounded and the unbounded IFs are given in Figure 1.

Lemma 1. In case of g = fθ for some θ ∈ Θ, the influence function of minimum GSB* divergence derived

earlier in this section, can be rewritten as

IF (y, Fθ, T
∗
α,λ,β) = [J∗(θ)]

−1
{
uα,λ,β

∗

θ (y)− Eθ(uα,λ,β
∗

θ (X))
}
, where (22)

uα,λ,β∗θ (y) =

∫ (
A2β2eβf

∗A
θ (x)f∗

2A−1

θ (x) + (A+B) f∗
A+B−1

θ (x)

)
ũθ (x)W (x, y, h) dx, (23)

J∗θ = J∗α,λ,β(Fθ) = Eθ
[
−∇uα,λ,β

∗

θ (X))
]
. (24)

Proof. To prove Equation (22), we note that from the expression of uα,λ,β
∗

θ (y) given in Equation (23), we

can write

∇uα,λ,β
∗

θ (X) =

∫
∇ũθ(x)

(
A2β2eβf

∗A
θ (x)f∗

2A−1

θ (x) + (A+B)f∗
A+B−1

θ (x)

)
W (x,X, h)dx

+

∫
A2β2eβf

∗A
θ (x)f∗

2A−1

θ (x)
(
βAf∗

A

θ (x) + 2A− 1
)
W (x,X, h)ũθ(x)ũTθ (x)dx

+

∫
(A+B)(A+B − 1)f∗

A+B−1

θ (x)W (x,X, h)ũθ(x)ũTθ (x)dx. (25)
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Taking expectation of the first term with respect to X, we get,

Eθ

[∫
∇ũθ(x)

(
A2β2eβf

∗A

θ (x)f∗
2A−1

θ (x) + (A+B)f∗
A+B−1

θ (x)

)
W (x,X, h)dx

]
=

∫ [∫
∇ũθ(x)

(
A2β2eβf

∗A
θ (x)f∗

2A−1

θ (x) + (A+B)f∗
A+B−1

θ (x)

)
W (x, y, h)dx

]
fθ(y)dy

=

∫
∇ũθ(x)

(
A2β2eβf

∗A
θ (x)f∗

2A−1

θ (x) + (A+B)f∗
A+B−1

θ (x)

)[∫
W (x, y, h)fθ(y)dy

]
dx

=

∫
∇ũθ(x)

(
A2β2eβf

∗A
θ (x)f∗

2A−1

θ (x) + (A+B)f∗
A+B−1

θ (x)

)
f∗θ (x)dx

=

∫
∇ũθ(x)

(
A2β2eβf

∗A
θ (x)f∗

2A

θ + (A+B)f∗
A+B

θ (x)

)
dx. (26)

Manipulating the other terms similarly, the right hand side of Equation (25) becomes

Eθ

[∫
A2β2eβf

∗A
θ (x)f∗

2A−1

θ (x)
(
βAf∗

A

θ (x) + 2A− 1
)
W (x,X, h)ũθ(x)ũTθ (x)dx

]
+ Eθ

[∫
(A+B)(A+B − 1)f∗

A+B−1

θ (x)W (x,X, h)ũθ(x)ũTθ (x)dx

]
=

∫ (
A2β2eβf

∗A
θ (x)f∗

2A

θ (x)
(
βAf∗

A

θ (x) + 2A− 1
)

+ (A+B)(A+B − 1)f∗
A+B

θ (x)

)
ũθ(x)ũTθ (x)dx.

(27)

Combining Equation (26) and Equation (27), we can say

Eθ[∇uα,λ,β
∗

θ (X)] =

∫
∇ũθ(x)

(
A2β2eβf

∗A
θ (x)f∗

2A

θ (x) + (A+B)f∗
A+B

θ (x)

)
dx

+

∫ (
A2β2eβf

∗A
θ (x)f∗

2A

θ (x)
(
βAf∗

A

θ (x) + 2A− 1
)

+ (A+B)(A+B − 1)f∗
A+B

θ (x)

)
ũθ(x)ũTθ (x)dx

=

∫ (
A2β2eβf

∗A
θ (x)f∗

2A

θ (x) + (A+B)f∗
A+B

θ (x)

)
ũθ(x)dx

−
∫ (

A3β2eβf
∗A
θ (x)f∗

2A

θ (x)
(
βf∗

A

θ (x) + 2
)

+ (A+B)2f∗
A+B

θ (x)

)
ũθ(x)ũTθ (x)dx

+

∫ (
A2β2eβf

∗A
θ (x)f∗

2A

θ (x)
(
βAf∗

A

θ (x) + 2A− 1
)

+ (A+B)(A+B − 1)f∗
A+B

θ (x)

)
ũθ(x)ũTθ (x)dx

(28)

= −
∫ (

A2β2eβf
∗A
θ (x)f∗

2A

θ (x)
(
βf∗

A

θ (x) + 2
)

+ (A+B)2f∗
A+B

θ (x)

)
ũθ(x)ũTθ (x)dx

+

∫ (
A2β2eβf

∗A
θ (x)f∗

2A

θ (x)
(
βAf∗

A

θ (x) + 2A− 1
)

+ (A+B)(A+B − 1)f∗
A+B

θ (x)

)
ũθ(x)ũTθ (x)dx

= −
∫ (

A2β2eβf
∗A
θ (x)f∗

2A

θ (x) + (A+B)f∗
A+B

θ (x)

)
ũθ(x)ũTθ (x)dx = −J∗.

In Equation (28), the first two terms are derived using integration by parts of Equation (26). Evidently, this

proves expression (24).
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We have already seen that the influence function of minimum GSB* divergence estimator is different from

that of the minimum GSB divergence estimator under discrete model. Moreover if we would proceed with

the Beran approach in continuous setup also, in that case, too, it would differ from the influence function

of minimum GSB* divergence estimator due to presence of kernel in g as well as fθ; rather this influence

function (derived in asymptotic sense) would coincide with the Equation (9) because, in Beran approach,

the bandwidth hn → 0 as n → ∞ and hence, as a consequence, g∗n → g as n → ∞. But whenever the true

density belongs to the model family, certain restrictions on the kernel function, which have been discussed

in Section 7 in detailed way, will result in the two estimating equations, influence functions becoming the

same with the production of identical estimators.

12



Figure 1: Examples of unbounded influence functions (left panel) and bounded influence functions
(right panel). Only the right panel consists of subsets of S. Those in the left panel are outside! Here
n = 50, fθ = 1

σφ(x−µσ ) with (µ, σ) = (0, 3) and h = 1.06 ∗ n−1/5 ∗ σ)

13



6 Asymptotic Distribution of the Minimum GSB* Diver-

gence Estimator

We will first derive the asymptotic distribution of the minimum GSB* divergence estimator and then we

will show its asymptotic relation with the minimum GSB divergence estimator through the imposition of

some suitable assumptions on the kernel used. Suppose X1, X2, . . . Xn are n independent and identically

distributed observations from the true density g with g∗ being the smoothed version of g, given in Equa-

tion (15). Moreover, while our target is to find out the closest match between g and fθ where the latter is

an element of the model family F = {fθ : θ ∈ Θ}, the arguments between which the distance is minimized

are g∗n and f∗θ , and this acts as a surrogate for the actual minimization problem.

First we list the assumptions required to prove the asymptotic results:

1. F is identifiable, i.e., for any θ1 and θ2, θ1 = θ2 ⇒ fθ1 (x) = fθ2 (x) for almost all x.

2. The distribution has a support which is independent of the parameter θ.

3. The kernel-integrated model family of densities is smooth, i.e., each f∗θ (x) satisfies the conditions of

Lehmann (1983, p. 409, p. 429).

4. The matrix J∗g as defined in Equation (18) is positive definite.

5. The quantities

∫
(g∗n)

1
2 (x)

(
A2β2eβf

∗A
θ (x)f∗

2A

θ (x) + (A+B) f∗
A+B

θ (x)

)
|ũjθ (x) |dx,∫

(g∗n)
1
2 (x)

(
A2β2eβf

∗A
θ (x)f∗

2A

θ (x) + (A+B) f∗
A+B

θ (x)

)
|ũjθ (x) ||ũkθ (x) |dx and∫

(g∗n)
1
2 (x)

(
A2β2eβf

∗A
θ (x)f∗

2A

θ (x) + (A+B) f∗
A+B

θ (x)

)
|ũjkθ (x) |dx are bounded for all j, k and

for all θ ∈ ω, an open neighbourhood of the best fitting parameter θg.

6. There exists functions Mjkl (x), Mjk,l (x) and Mj,k,l (x) such that(
A2β2eβf

∗A
θ (x)f∗

2A

θ (x) + (A+B) f∗
A+B

θ (x)

)
ũjklθ (x),(

A2β2eβf
∗A
θ (x)f∗

2A

θ (x) + (A+B) f∗
A+B

θ (x)

)
ũjkθ (x) ũlθ (x) and(

A2β2eβf
∗A
θ (x)f∗

2A

θ (x) + (A+B) f∗
A+B

θ (x)

)
ũjθ (x) ũkθ (x) ũlθ (x) are dominated by these functions

and the expectations are uniformly bounded with respect to g∗ and f∗θ for all θ ∈ ω.

7.
(
g∗(x)
f∗
θ
(x)

)A−1

is uniformly bounded for all θ ∈ ω.

Lemma 2. For each fixed x in the support, V arg (g∗n (x)) = ν(x)
n

, provided it exists, where

ν (x) =

∫
W 2 (x, y, h) g (y) dy − (g∗ (x))

2
. (29)

14



Lemma 3. In the above-mentioned setup, with probability 1,

n
1
4 {(g∗n (x))

1
2 − (g∗ (x))

1
2 } → 0. (30)

Lemma 4. Define η∗n (x) =
√
n
(√

δ∗n (x)−
√
δ∗g (x)

)2
. For any k ∈ [0, 2] and any x ∈ X , we have,

1. Eg{η∗n (x)k} ≤ n
k
2Eg{|δ∗n (x)− δ∗g (x) |k} ≤ { ν(x)

(f∗θ (x))
2 }

k
2 .

2. Eg{|δ∗n (x)− δ∗g (x) |} ≤
(√

ν(x)

f∗
θ
(x)

)
.

Lemma 5. Eg{η∗n (x)k} → 0, as n→∞, for k ∈ [0, 2) and any x ∈ X

Let us now remember

an (x) = K (δn (x))−K (δg (x))

bn (x) = (δn (x)− δg (x))K′ (x)

and τn (x) =
√
n|an (x)− bn (x) | (31)

as defined in Ghosh and Basu (2017). Now, we will find the limiting distributions of the following:

S∗1n (x) =
√
n
∑
x

a∗n (x)

(
A2β2eβf

∗A
θ (x)f∗

2A

θ (x) + (A+B) f∗
A+B

θ (x)

)
ũθ (x) ,

S∗2n (x) =
√
n
∑
x

b∗n (x)

(
A2β2eβf

∗A
θ (x)f∗

2A

θ (x) + (A+B) f∗
A+B

θ (x)

)
ũθ (x) . (32)

Lemma 6. Under assumption (5), Eg|S∗1n − S∗2n| → 0 as n→∞ and as n→∞

S∗1n − S∗2n
p→ 0.

Proof. Using Lemma 3, Lemma 4 and Lemma 25 of Lindsay (1994), we can derive the following

E (τ∗n (x)) ≤ q
M

1
2 (h) (g∗ (x))

1
2

f∗θ (x)
(33)

for some positive constant q and

E (τ∗n (x)) → 0 as n→∞. (34)
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After applying the above-mentioned lemmas, we get

E|S∗1n − S∗2n| ≤ E (τ∗n (x))

(
A2β2eβf

∗A
θ (x)f∗

2A

θ (x) + (A+B) f∗
A+B

θ (x)

)
|ũθ (x) |

≤ ρM
1
2 (h)

∑
x

(g∗ (x))
1
2

(
A2β2eβf

∗A
θ (x)f∗

2A−1

θ (x) + (A+B) f∗
A+B−1

θ (x)

)
|ũθ (x) |

< ∞. (35)

Then, by Dominated Convergence Theorem (DCT), we have Eg|S∗1n − S∗2n| → 0 as n → ∞, and hence, by

Markov’s inequality, it follows that

S∗1n − S∗2n
p→ 0

as n→∞.

Lemma 7. Under g, S∗1n converges in distribution to Np
(
0, V ∗g

)
, whenever

V ∗g = V ar

{∫
W (x,X, h)K′

(
δg

∗
g (x)

)(
A2β2e

βf∗
A

θg
(x)
f∗

2A

θg (x) + (A+B) f∗
A+B

θg (x)

)
ũθg (x) dx

}
(36)

is finite.

Now, we can prove the main theorem of consistency and normality with slight modifications based on

continuity and all the lemmas mentioned above. We have just stated this theorem below, without providing

the proof, because the proof is quite similar to that in the discrete setup.

Theorem 1. Under the above-mentioned assumptions, there always exists a consistent sequence of roots θ∗n

of the estimating equation (14). Moreover,
√
n (θ∗n − θg) asymptotically follows a p-dimensional normal with

mean 0 and [J∗g ]−1V ∗g [J∗g ]−1, where J∗g and V ∗g are already defined in Equation (18) and Equation (36).

When the true density g belongs to the model family {fθ : θ ∈ Θ} , i.e., g = fθ for some θ ∈ Θ,

the asymptotic distribution of
√
n (θ∗n − θ) is normal with mean 0 and covariance matrix (J∗)−1 V ∗ (J∗)−1,

where V ∗ = V ∗(α,λ,β) (fθ) = Vθ
(
uα,λ,β

∗

θ (X)
)

and J∗ is defined in Equation (19).

7 Derivation of Transparent Kernel for the Minimum GSB*

Divergence Estimator

In order to obtain same asymptotic distribution of the minimum GSB estimators (MGSBEs) obtained by the

smoothed model approach under continuous models and the original MGSBEs without any kernel smoothing
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under discrete models, Basu and Lindsay (1994) suggested some special kernels called “transparent kernels”.

In the following we search for the features of the model specific kernel-functions which might give similar

properties to our estimators. The relevant result is given below.

Lemma 8. Suppose the kernel function W (x, y, h) used in smoothing the densities is such that

uα,λ,β∗θ (y) = M
(
A2β2eβf

A
θ (y)f2A−1

θ (y) + (A+B) fA+B−1
θ (y)

)
uθ (y) + L (37)

for a p-vector L depending possibly on α, λ, β and h but not on θ, and a p × p non-singular matrix M

depending on θ, α, λ, β and h, where for each components θj of θ, we have either

∫ (
A2β2eβf

A
θ (y)f2A

θ (y) + (A+B) fA+B
θ (y)

)
uθj (y) dy = 0 (38)

or “the j-th column of M is independent of θ”. Then the estimating equation of the minimum GSB estimator

will be identical to that of the minimum GSB∗ divergence estimator and trivially the two estimators will be

identical.

Corollary 1. Under the assumption of condition (37) on kernel function, if we consider, further,

1. β = 0, i.e. the condition becomes uα∗θ (y) = Muθ (y) fαθ (y) + L then the estimating equation of

minimum DPD* estimator (MDPDE*)

1

n

n∑
i=1

uα∗θ (Xi)− Eθ(uα∗θ (X)) = 0 (39)

where uα∗θ (y) =
∫
ũθ (x) {f∗θ (x)}αW (x, y, h)dx will reduce to the estimating equation of minimum

DPD estimator (MDPDE)

1

n

n∑
i=1

fαθ (Xi)uθ (Xi)− Eθ(fαθ (X)uθ (X)) = 0. (40)

2. α = −1 and λ = 0, i.e. the condition becomes uβ∗θ (y) = Muθ (y) fθ (y) eβfθ(y) +L then the estimating

equation of minimum BED* estimator (MBEDE*)

1

n

n∑
i=1

uβ∗θ (Xi)− Eθ(uβ∗θ (X)) = 0 (41)

where, uβ∗θ (y) =
∫
ũθ (x) eβf

∗
θ (x)f∗θ (x)W (x, y, h)dx will reduce to the estimating equation of minimum
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BED estimator (MBEDE)

1

n

n∑
i=1

eβfθ(Xi)fθ (Xi)uθ (Xi)− Eθ(eβfθ(X)fθ (X)uθ (X)) = 0. (42)

Therefore under these scenarios MDPDE* and MDPDE as well as MBEDE* and MBEDE will be the same.

Corollary 2. When g = fθ and the kernel function W (x, y, h) satisfies the condition given in Equation (37)

for some M and L as described in Lemma 7, the influence function for the minimum GSB∗ divergence

estimator will be same as that of the minimum GSB divergence estimator.

Proof. We first need to show that conditions (37) and (38) together imply the following

Eθ[−uα,λ,β
∗

θ (X)] =

∫ (
(A+B)fA+B

θ (x) +A2β2Aeβf
A
θ (x)f2A

θ (x)
)
uθ(x) uTθ (x)dx, (43)

In order to prove that, first we differentiate both sides of Equation (37) with respect to θ and get,

∇uα,λ,β
∗

θ (x) = M∇uθ(x)
(
A2β2eβf

A
θ (x)f2A−1

θ (x) + (A+B)fA+B−1
θ (x)

)
+ M

{
A2β2eβf

A
θ (x)f2A−1

θ (x)
(

2A− 1 + βAfAθ (x)
)

+ (A+B)(A+B − 1)fA+B−1
θ (x)

}
uθ(x)uTθ (x)

+ [(∇1M)uθ(x) (∇2M)uθ(x) . . . (∇pM)uθ(x)]
(
A2β2eβf

A
θ (x)f2A−1

θ (x) + (A+B)fA+B−1
θ (x)

)
.

(44)

Here, ∇j represents the derivative with respect to the j-th component of θ. Taking expectation with respect

to fθ on both sides of the above equation, we get

E[−∇uα,λ,β
∗

θ (X)] = M

∫
∇uθ(x)

(
A2β2eβf

A(x)f2A(x) + (A+B)fA+B(x)
)
dx

+ M

∫
A2β2eβf

A
θ (x)f2A

θ (x)
(

2A− 1 + βAfAθ (x)
)
uθ(x)uTθ (x)dx.

+ M

∫
(A+B)(A+B − 1)fA+B

θ (x)uθ(x)uTθ (x)dx.

(45)

The remaining terms turn out to be zero due to condition (38). Again, integrating by parts the first integral

of the above equation, we get

M

∫
∇uθ(x)

(
A2β2eβf

A
θ (x)f2A

θ (x) + (A+B)fA+B
θ (x)

)
dx

= −M
∫ (

A2β2eβf
A
θ (x)f2A

θ (x)
(

2 + βfAθ (x)
)

+ (A+B)2fA+B
θ (x)

)
uθ(x)uTθ (x)dx. (46)
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Combining Equation (45) and Equation (46), we get the desired result given in Equation (43).

Then it follows that

IF(y, Fθ, T
∗
α,λ,β,λ) = [J∗θ ]−1

{
uα,λ,β

∗

θ (y)− Eθ[uα,λ,β
∗

θ (X)]
}

=

[
M

∫
uθ(x)uTθ (x)

(
A2β2eβf

A
θ (x)f2A

θ (x) + (A+B)fA+B
θ (x)

)
dx

]−1

(
M
(
A2β2eβf

A
θ (y)f2A−1

θ (y) + (A+B)fA+B−1
θ (y)

)
uθ(y) + L

)
−

[
M

∫
uθ(x)uTθ (x)

(
A2β2eβf

A
θ (x)f2A

θ (x) + (A+B)fA+B
θ (x)

)
dx

]−1

(
Eθ
[
Muθ(X)

(
A2β2eβf

A
θ (X)f2A−1

θ (X) + (A+B)fA+B−1
θ (X)

)]
+ L

)
.

=

[∫
uθ(x)uTθ (x)

(
A2β2eβf

A
θ (x)f2A

θ (x) + (A+B)fA+B
θ (x)

)
dx

]−1

{(
A2β2eβf

A
θ (y)f2A−1

θ (y) + (A+B)fA+B−1
θ (y)

)
uθ(y)

}
−

[∫
uθ(x)uTθ (x)

(
A2β2eβf

A
θ (x)f2A

θ (x) + (A+B)fA+B
θ (x)

)
dx

]−1

Eθ
[
uθ(X)

(
A2β2eβf

A
θ (X)f2A−1

θ (X) + (A+B)fA+B−1
θ (X)

)]
. (47)

Equation (47) is identical to the expression of the IF of the minimum GSB divergence estimator given in

Equation (9). Hence is the proof.

Corollary 3. Suppose the true density g belongs to the model family, i.e., g = fθ for some θ ∈ Θ, then under

the assumption of the kernel being a transparent kernel, the asymptotic distribution of the minimum GSB∗

divergence estimator θ∗n and the minimum GSB divergence estimator have the same normal distribution, IF

and first order asymptotic properties under continuous models. Moreover, at α = 0 and β = 0, this kernel

coincides with the transparent kernel defined in Basu and Lindsay (1994). For the mean and the variance of

the normal model, the Gaussian kernel is an example of a transparent kernel at α = 0 and β = 0.

8 Simulation Results

In the simulation section, our aim is to generate some GSB* divergence estimators which are better than

the existing S-divergence estimators in terms of robustness and/or efficiency. For efficiency calculations,

we consider samples from the pure model, while for illustrations of robustness, the data are generated from

contaminated model densities. For contamination, we consider three different scenarios - observations from

a mean-shifted normal density, from a variance-shifted normal density and observations from a chi-square

distribution.
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For the first case, we choose samples of size 50 from the (1− ε)N(0, 9)+ εN(15, 9) mixed distribution, for

the second case, samples of the same size are drawn from the (1− ε)N(0, 9) + εN(0, 100) mixture and, lastly,

samples of the same size are drawn from the (1 − ε)N(0, 9) + εχ2
10 mixture. The second component is the

contaminant and ε ∈ [0, 1) is the contaminating proportion. The values 0, 0.05, 0.1 and 0.2 are considered for

ε, and at each contamination level, the samples are replicated 1000 times. In each of the 1000 replications,

the normal parameters are estimated corresponding to each contamination level and each (α, λ, β) triplet

considered in our study. Subsequently, we construct the empirical mean square error (MSE) against the

target value of µ(= 0) and σ(= 3), for each tuning parameter combination over the 1000 replications.

For our simulation purpose, we will follow the Basu-Lindsay approach. Our parametric model is the

N(µ, σ2) family, and we will employ the Gaussian kernel; through the convolution property of the normal,

f∗θ (x) will become the N
(
µ, σ2 + h2

)
density with h being the Silverman’s bandwidth.

We will first compute the minimum S*-divergence estimators for each sample over 63 pairs of (α, λ)

belonging to the set A = {(α, λ) : α ∈ (0, 1) , λ ∈ (−1, 1)} with β = 0, and then find the minimum GSB

divergence estimator with β = −4 (reason of choosing β = −4 has already been discussed in that paper)

corresponding to any (α, λ) ∈ A having a better performance, at least to the extent of the findings in these

simulations in either sense of robustness and efficiency. The four MSEs corresponding to four contaminating

proportions ε = 0, 0.05, 0.1, 0.2 along with each triplet (α, λ, β) are presented in each block of each table.

Under each case of contaminated data density, two tables, each being comprised of such 63 blocks, are

considered — the first one corresponds to S*-divergence estimators (with triplets (α, λ, β = 0)) and the

second one for GSB* divergence estimators (with triplets (α, λ, β = −4)).

Similar conclusions can be drawn in an overall sense for each of the three contaminated scenarios. If we

can look at the individual choices of the tuning parameters, then in most of the cases, S*-divergence may

perform better in either sense of robustness and efficiency, but there are a few choices of tuning parameters,

more specifically, α ∈ (0.25, 1) and λ ∈ (−0.5, 1), which with β = −4, generate some GSB* divergence

estimators triumphing all these better performers of S*-divergence family on both aspects of robustness and

efficiency in most cases. Therefore, with respect to these simulations, we have some options of the GSB*

divergence estimator which, we can claim, are better than the S*-divergence estimators. Hence, in general,

we can conclude that whatever S*-divergence estimators we can choose from the “best” region (suggested

by Ghosh and Basu (2017)), there is a high chance of existence of some GSB* divergence estimators which

are better in robustness and/or efficiency than these and it leads to a better analysis in any given scenario.

Hence, non-zero β helps us to make a refinement with considerable improvement over the case β = 0.
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Although we have put a choice of GSB* divergence estimators against each S*-divergence estimator taken

under consideration, the choice may not be unique. There may be several other choices which can also be

considered as “better” after further refinement in either robustness or efficiency. In that case, an individual

can prefer one over the other as per the underlying criterion.
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Table 1: Performance of the S*-Divergence estimator based on MSE under the contaminated model
(1 − ε)N (0, 9) + εN (15, 9)

0.2934 0.3001 0.3134 0.3242 0.3355 0.3584 0.3801
0.3848 0.3808 0.3833 0.3880 0.3945 0.4107 0.4285
0.6000 0.5989 0.5918 0.5913 0.5942 0.6089 0.6313
4.6706 5.1843 5.0195 4.7834 4.5399 4.0031 3.5753

(0.1, −1, 0) (0.25, −1, 0) (0.4, −1, 0) (0.5, −1, 0) (0.6, −1, 0) (0.8, −1, 0) (1, −1, 0)
0.2854 0.2955 0.3106 0.3222 0.3341 0.3578 0.3801
0.4288 0.4022 0.3944 0.3952 0.3991 0.4122 0.4285
0.9431 0.7689 0.6815 0.6499 0.6321 0.6217 0.6313
9.8336 8.3008 6.9180 6.0710 5.2920 4.2609 3.5753

(0.1, −0.7, 0) (0.25, −0.7, 0) (0.4, −0.7, 0) (0.5, −0.7, 0) (0.6, −0.7, 0) (0.8, −0.7, 0) (1, −0.7, 0)
0.2813 0.2928 0.3089 0.3208 0.3331 0.3574 0.3801
0.5069 0.4328 0.4072 0.4025 0.4032 0.4133 0.4285
1.5619 1.0220 0.7818 0.7079 0.6655 0.6312 0.6313
13.9369 10.6994 8.3615 7.0816 6.0014 4.4490 3.5753

(0.1, −0.5, 0) (0.25, −0.5, 0) (0.4, −0.5, 0) (0.5, −0.5, 0) (0.6, −0.5, 0) (0.8, −0.5, 0) (1, −0.5, 0)
0.2779 0.2904 0.3072 0.3195 0.3321 0.3570 0.3801
0.7305 0.4979 0.4285 0.4132 0.4087 0.4145 0.4285
2.9813 1.5257 0.9598 0.7920 0.7088 0.6418 0.6313
17.9150 13.8318 9.9708 8.1393 6.7164 4.6399 3.5753

(0.1, −0.3, 0) (0.25, −0.3, 0) (0.4, −0.3, 0) (0.5, −0.3, 0) (0.6, −0.3, 0) (0.8, −0.3, 0) (1, −0.3, 0)
0.2745 0.2873 0.3047 0.3175 0.3306 0.3564 0.3801
1.9890 0.8084 0.4984 0.4412 0.4207 0.4167 0.4285
6.5650 3.3073 1.4900 1.0209 0.8042 0.6600 0.6313
21.7081 17.7354 13.0312 10.0941 7.8492 4.9637 3.5753

(0.1, 0, 0) (0.25, 0, 0) (0.4, 0, 0) (0.5, 0, 0) (0.6, 0, 0) (0.8, 0, 0) (1, 0, 0)
0.2740 0.2855 0.3031 0.3162 0.3296 0.3560 0.3801
3.3882 1.4143 0.6069 0.4759 0.4328 0.4185 0.4285
8.5911 5.0664 2.2001 1.2839 0.9036 0.6740 0.6313
23.1739 19.5877 14.9596 11.6526 8.7499 5.2315 3.5753

(0.1, 0.2, 0) (0.25, 0.2, 0) (0.4, 0.2, 0) (0.5, 0.2, 0) (0.6, 0.2, 0) (0.8, 0.2, 0) (1, 0.2, 0)
0.2760 0.2840 0.3007 0.3141 0.3280 0.3553 0.3801
5.1257 2.8690 1.0319 0.5842 0.4626 0.4215 0.4285
10.7345 7.4469 3.8338 2.0058 1.1352 0.6984 0.6313
24.7107 21.5066 17.3016 13.8574 10.3623 5.6286 3.5753

(0.1, 0.5, 0) (0.25, 0.5, 0) (0.4, 0.5, 0) (0.5, 0.5, 0) (0.6, 0.5, 0) (0.8, 0.5, 0) (1, 0.5, 0)
0.2802 0.2845 0.2987 0.3121 0.3264 0.3546 0.3801
6.7625 4.2146 1.9254 0.8611 0.5200 0.4251 0.4285
12.7392 9.2241 5.6296 3.1744 1.5444 0.7281 0.6313
25.9173 22.8637 19.0251 15.7676 11.9930 6.0455 3.5753

(0.1, 0.8, 0) (0.25, 0.8, 0) (0.4, 0.8, 0) (0.5, 0.8, 0) (0.6, 0.8, 0) (0.8, 0.8, 0) (1, 0.8, 0)
0.2835 0.2857 0.2977 0.3107 0.3252 0.3541 0.3801
8.8380 5.0526 2.6143 1.2149 0.5879 0.4280 0.4285
14.5034 10.2956 6.6856 4.0916 1.9585 0.7518 0.6313
26.9388 23.6406 19.9333 16.8228 13.0575 6.3466 3.5753

(0.1, 1, 0) (0.25, 1, 0) (0.4, 1, 0) (0.5, 1, 0) (0.6, 1, 0) (0.8, 1, 0) (1, 1, 0)
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Table 2: Performance of the GSB* Divergence estimator based on MSE under the contaminated
model (1 − ε)N (0, 9) + εN (15, 9)

0.2934 0.3001 0.3134 0.3242 0.3355 0.3584 0.3801
0.3848 0.3808 0.3833 0.3880 0.3945 0.4107 0.4285
0.6000 0.5989 0.5918 0.5913 0.5942 0.6089 0.6313
4.6706 5.1843 5.0195 4.7834 4.5399 4.0031 3.5753

(0.1, −1, 0) (0.25, −1, 0) (0.4, −1, 0) (0.5, −1, 0) (0.6, −1, 0) (0.8, −1, 0) (1, −1, 0)
0.3006 0.3123 0.3106 0.3222 0.3341 0.3578 0.3801
0.4026 0.3967 0.3944 0.3952 0.3991 0.4122 0.4285
0.8038 0.7083 0.6815 0.6499 0.6321 0.6217 0.6313
9.4896 7.8682 6.9180 6.0710 5.2920 4.2609 3.5753

(0.5, −0.5, −4) (0.6, −0.5, −4) (0.4, −0.7, 0) (0.5, −0.7, 0) (0.6, −0.7, 0) (0.8, −0.7, 0) (1, −0.7, 0)
0.2950 0.2950 0.3087 0.3208 0.3328 0.3552 0.3801
0.4093 0.4093 0.3976 0.3972 0.3995 0.4121 0.4285
0.8835 0.8835 0.7308 0.6732 0.6380 0.6227 0.6313
10.5650 10.5650 8.3608 6.9023 5.7525 4.3689 3.5753

(0.6, −0.7, −4) (0.6, −0.7, −4) (0.57, −0.5, −4) (0.6, −0.4, −4) (0.8, −0.6, −4) (0.8, −0.1, −4) (1, −0.5, 0)
0.2775 0.2904 0.3006 0.3123 0.3279 0.3552 0.3801
0.5331 0.4199 0.4026 0.3967 0.3978 0.4121 0.4285
1.9907 1.0108 0.8038 0.7083 0.6479 0.6227 0.6313
17.0750 11.6017 9.4896 7.8682 6.1973 4.3689 3.5753

(0.67, −0.7, −4) (0.4, −0.5, −4) (0.5, −0.5, −4) (0.6, −0.5, −4) (0.8, −0.7, −4) (0.8, −0.1, −4) (1, −0.3, 0)
0.2767 0.2849 0.2976 0.3113 0.3205 0.3467 0.3801
0.7122 0.4968 0.4240 0.4031 0.3996 0.4065 0.4285
3.0670 1.5331 0.9696 0.7524 0.6905 0.6236 0.6313
20.0346 14.2261 10.6559 8.2996 7.1217 4.7685 3.5753

(0.1, −0.5, −4) (0.1, −0.3, −4) (0.25, −0.3, −4) (0.4, −0.3, −4) (0.5, −0.3, −4) (0.8, −0.3, −4) (1, 0, 0)
0.2767 0.2849 0.2849 0.3006 0.3123 0.3467 0.3801
0.5802 0.4968 0.4968 0.4026 0.3967 0.4065 0.4285
2.3223 1.5331 1.5331 0.8038 0.7083 0.6236 0.6313
18.2625 14.2261 14.2261 9.4896 7.8682 4.7685 3.5753

(0.4, −0.7, −4) (0.1, −0.3, −4) (0.25, −0.3, −4) (0.4, −0.3, −4) (0.5, −0.3, −4) (0.8, −0.3, −4) (1, 0.2, 0)
0.2767 0.2793 0.2904 0.3006 0.3123 0.3467 0.3801
0.5802 0.4908 0.4199 0.4026 0.3967 0.4065 0.4285
2.3223 1.6413 1.0108 0.8038 0.7083 0.6236 0.6313
18.2625 15.6017 11.6017 9.4896 7.8682 4.7685 3.5753

(0.4, −0.7, −4) (0.25, −0.5, −4) (0.4, −0.5, −4) (0.5, −0.5, −4) (0.6, −0.5, −4) (0.8, −0.3, −4) (1, 0.5, 0)
0.2793 0.2793 0.2793 0.2976 0.3006 0.3467 0.3801
0.4908 0.4908 0.4908 0.4240 0.4026 0.4065 0.4285
1.6413 1.6413 1.6413 0.9696 0.8038 0.6236 0.6313
15.6017 15.6017 15.6017 10.6559 9.4896 4.7685 3.5753

(0.25, −0.5, −4) (0.25, −0.5, −4) (0.25, −0.5, −4) (0.25, −0.3, −4) (0.5, −0.5, −4) (0.8, −0.3, −4) (1, 0.8, 0)
0.2767 0.2793 0.2793 0.3006 0.3006 0.3375 0.3801
0.7122 0.4908 0.4908 0.4026 0.4026 0.4016 0.4285
3.0670 1.6413 1.6413 0.8038 0.8038 0.6310 0.6313
20.0346 15.6017 15.6017 9.4896 9.4896 5.3768 3.5753

(0.1, −0.5, −4) (0.25, −0.5, −4) (0.25, −0.5, −4) (0.5, −0.5, −4) (0.5, −0.5, −4) (0.8, −0.5, −4) (1, 1, 0)
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Figure 2: Plot of MSEs of the S*-Divergence estimator (yellow) and the GSB* Divergence estimator
(turquoise) under the (1 − ε)N (0, 9) + εN (15, 9)
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Table 3: Performance of the S*-Divergence estimator based on MSE under the contaminated model
(1 − ε)N (0, 9) + εN (0, 100)

0.2934 0.3001 0.3134 0.3242 0.3355 0.3584 0.3801
0.3616 0.3663 0.3754 0.3829 0.3910 0.4076 0.4233
0.4956 0.4854 0.4839 0.4867 0.4914 0.5041 0.5190
1.1610 1.0513 0.9803 0.9514 0.9332 0.9190 0.9223

(0.1, −1, 0) (0.25, −1, 0) (0.4, −1, 0) (0.5, −1, 0) (0.6, −1, 0) (0.8, −1, 0) (1, −1, 0)
0.2854 0.2955 0.3106 0.3222 0.3341 0.3578 0.3801
0.3711 0.3699 0.3767 0.3835 0.3912 0.4075 0.4233
0.5393 0.5056 0.4935 0.4924 0.4947 0.5050 0.5190
1.3916 1.1666 1.0387 0.9880 0.9556 0.9258 0.9223

(0.1, −0.7, 0) (0.25, −0.7, 0) (0.4, −0.7, 0) (0.5, −0.7, 0) (0.6, −0.7, 0) (0.8, −0.7, 0) (1, −0.7, 0)
0.2813 0.2928 0.3089 0.3208 0.3331 0.3574 0.3801
0.3833 0.3744 0.3782 0.3842 0.3914 0.4075 0.4233
0.5891 0.5267 0.5024 0.4973 0.4974 0.5057 0.5190
1.6507 1.2816 1.0909 1.0186 0.9732 0.9306 0.9223

(0.1, −0.5, 0) (0.25, −0.5, 0) (0.4, −0.5, 0) (0.5, −0.5, 0) (0.6, −0.5, 0) (0.8, −0.5, 0) (1, −0.5, 0)
0.2779 0.2904 0.3072 0.3195 0.3321 0.3570 0.3801
0.4087 0.3822 0.3805 0.3851 0.3918 0.4074 0.4233
0.6852 0.5600 0.5146 0.5037 0.5006 0.5064 0.5190
2.1119 1.4593 1.1603 1.0565 0.9936 0.9358 0.9223

(0.1, −0.3, 0) (0.25, −0.3, 0) (0.4, −0.3, 0) (0.5, −0.3, 0) (0.6, −0.3, 0) (0.8, −0.3, 0) (1, −0.3, 0)
0.2745 0.2873 0.3047 0.3175 0.3306 0.3564 0.3801
0.5782 0.4119 0.3871 0.3875 0.3925 0.4074 0.4233
1.2358 0.6766 0.5449 0.5171 0.5067 0.5076 0.5190
3.7240 1.9888 1.3250 1.1346 1.0319 0.9441 0.9223

(0.1, 0, 0) (0.25, 0, 0) (0.4, 0, 0) (0.5, 0, 0) (0.6, 0, 0) (0.8, 0, 0) (1, 0, 0)
0.2740 0.2855 0.3031 0.3162 0.3296 0.3560 0.3801
1.2171 0.4843 0.3960 0.3902 0.3933 0.4074 0.4233
2.5552 0.9245 0.5831 0.5308 0.5122 0.5084 0.5190
5.8194 2.7576 1.5140 1.2108 1.0645 0.9502 0.9223

(0.1, 0.2, 0) (0.25, 0.2, 0) (0.4, 0.2, 0) (0.5, 0.2, 0) (0.6, 0.2, 0) (0.8, 0.2, 0) (1, 0.2, 0)
0.2760 0.2840 0.3007 0.3141 0.3280 0.3553 0.3801
2.3179 1.0934 0.4374 0.3982 0.3952 0.4074 0.4233
4.5423 2.2301 0.7385 0.5674 0.5236 0.5098 0.5190
8.9353 4.9878 2.0846 1.3962 1.1306 0.9601 0.9223

(0.1, 0.5, 0) (0.25, 0.5, 0) (0.4, 0.5, 0) (0.5, 0.5, 0) (0.6, 0.5, 0) (0.8, 0.5, 0) (1, 0.5, 0)
0.2802 0.2845 0.2987 0.3121 0.3264 0.3546 0.3801
4.2915 2.0469 0.7338 0.4224 0.3989 0.4074 0.4233
8.0886 3.8965 1.4460 0.6633 0.5425 0.5114 0.5190
12.7399 7.5173 3.4701 1.7723 1.2324 0.9712 0.9223

(0.1, 0.8, 0) (0.25, 0.8, 0) (0.4, 0.8, 0) (0.5, 0.8, 0) (0.6, 0.8, 0) (0.8, 0.8, 0) (1, 0.8, 0)
0.2835 0.2857 0.2977 0.3107 0.3252 0.3541 0.3801
5.4632 2.8595 1.0829 0.4886 0.4035 0.4074 0.4233
10.4978 5.8316 2.1391 0.8665 0.5637 0.5127 0.5190
13.8570 9.2570 4.5692 2.2929 1.3362 0.9792 0.9223

(0.1, 1, 0) (0.25, 1, 0) (0.4, 1, 0) (0.5, 1, 0) (0.6, 1, 0) (0.8, 1, 0) (1, 1, 0)
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Table 4: Performance of the GSB* Divergence estimator based on MSE under the contaminated
model (1 − ε)N (0, 9) + εN (0, 100)

0.2934 0.3001 0.3134 0.3242 0.3355 0.3502 0.3626
0.3616 0.3663 0.3754 0.3829 0.3910 0.4040 0.4126
0.4956 0.4854 0.4839 0.4867 0.4914 0.5044 0.5082
1.1610 1.0513 0.9803 0.9514 0.9332 0.9174 0.9125

(0.1, −1, 0) (0.25, −1, 0) (0.4, −1, 0) (0.5, −1, 0) (0.6, −1, 0) (0.9, −0.5, −4) (1, −1, −4)
0.2854 0.2955 0.3106 0.3175 0.3279 0.3467 0.3801
0.3711 0.3699 0.3767 0.3827 0.3892 0.4016 0.4233
0.5393 0.5056 0.4935 0.4912 0.4923 0.4995 0.5190
1.3916 1.1666 1.0387 0.9826 0.9496 0.9216 0.9223

(0.1, −0.7, 0) (0.25, −0.7, 0) (0.4, −0.7, 0) (0.74, −0.7, −4) (0.8, −0.7, −4) (0.8, −0.3, −4) (1, −0.7, 0)
0.2793 0.2904 0.3006 0.3123 0.3279 0.3467 0.3801
0.3800 0.3722 0.3744 0.3799 0.3892 0.4016 0.4233
0.5722 0.5149 0.4986 0.4921 0.4923 0.4995 0.5190
1.5538 1.2132 1.0863 1.0070 0.9496 0.9216 0.9223

(0.25, −0.5, −4) (0.4, −0.5, −4) (0.5, −0.5, −4) (0.6, −0.5, −4) (0.8, −0.7, −4) (0.8, −0.3, −4) (1, −0.5, 0)
0.2767 0.2828 0.2950 0.3123 0.3279 0.3467 0.3801
0.3947 0.3748 0.3726 0.3799 0.3892 0.4016 0.4233
0.6324 0.5437 0.5053 0.4921 0.4923 0.4995 0.5190
1.8803 1.3933 1.1440 1.0070 0.9496 0.9216 0.9223

(0.4, −0.7, −4) (0.5, −0.7, −4) (0.6, −0.7, −4) (0.6, −0.5, −4) (0.8, −0.7, −4) (0.8, −0.3, −4) (1, −0.3, 0)
0.2767 0.2793 0.2904 0.3006 0.3279 0.3467 0.3801
0.3947 0.3800 0.3722 0.3744 0.3892 0.4016 0.4233
0.6324 0.5722 0.5149 0.4986 0.4923 0.4995 0.5190
1.8803 1.5538 1.2132 1.0863 0.9496 0.9216 0.9223

(0.4, −0.7, −4) (0.25, −0.5, −4) (0.4, −0.5, −4) (0.5, −0.5, −4) (0.8, −0.7, −4) (0.8, −0.3, −4) (1, 0, 0)
0.2767 0.2793 0.2904 0.3006 0.3279 0.3467 0.3801
0.3947 0.3800 0.3722 0.3744 0.3892 0.4016 0.4233
0.6324 0.5722 0.5149 0.4986 0.4923 0.4995 0.5190
1.8803 1.5538 1.2132 1.0863 0.9496 0.9216 0.9223

(0.4, −0.7, −4) (0.25, −0.5, −4) (0.4, −0.5, −4) (0.5, −0.5, −4) (0.8, −0.7, −4) (0.8, −0.3, −4) (1, 0.2, 0)
0.2767 0.2767 0.2976 0.2767 0.3113 0.3467 0.3801
0.3947 0.3947 0.3761 0.3947 0.3802 0.4016 0.4233
0.6324 0.6324 0.5138 0.6324 0.4967 0.4995 0.5190
1.8803 1.8803 1.1797 1.8803 1.0366 0.9216 0.9223

(0.4, −0.7, −4) (0.4, −0.7, −4) (0.25, −0.3, −4) (0.4, −0.7, −4) (0.4, −0.3, −4) (0.8, −0.3, −4) (1, 0.5, 0)
0.2767 0.2767 0.2976 0.2976 0.2976 0.3467 0.3801
0.3947 0.3947 0.3761 0.3761 0.3761 0.4016 0.4233
0.6324 0.6324 0.5138 0.5138 0.5138 0.4995 0.5190
1.8803 1.8803 1.1797 1.1797 1.1797 0.9216 0.9223

(0.4, −0.7, −4) (0.4, −0.7, −4) (0.25, −0.3, −4) (0.25, −0.3, −4) (0.25, −0.3, −4) (0.8, −0.3, −4) (1, 0.8, 0)
0.2767 0.2793 0.2904 0.3006 0.3123 0.3375 0.3626
0.4149 0.3800 0.3722 0.3744 0.3799 0.3954 0.4126
0.7027 0.5722 0.5149 0.4986 0.4921 0.4953 0.5082
2.2280 1.5538 1.2132 1.0863 1.0070 0.9313 0.9125

(0.1, −0.5, −4) (0.25, −0.5, −4) (0.4, −0.5, −4) (0.5, −0.5, −4) (0.6, −0.5, −4) (0.8, −0.5, −4) (1, −0.5, −4)
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Figure 3: Plot of MSEs of the S*-Divergence estimator (yellow) and the GSB* Divergence estimator
(turquoise) under the (1 − ε)N (0, 9) + εN (0, 100) model
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Table 5: Performance of the S*-Divergence estimator based on MSE under the contaminated model
(1 − ε)N (0, 9) + εχ2

10

0.2934 0.3001 0.3134 0.3242 0.3355 0.3584 0.3801
0.4683 0.4598 0.4587 0.4614 0.4660 0.4782 0.4923
1.0016 0.9330 0.8736 0.8439 0.8209 0.7903 0.7741
4.0671 3.8291 3.5296 3.3530 3.1986 2.9494 2.7632

(0.1, −1, 0) (0.25, −1, 0) (0.4, −1, 0) (0.5, −1, 0) (0.6, −1, 0) (0.8, −1, 0) (1, −1, 0)
0.2854 0.2955 0.3106 0.3222 0.3341 0.3578 0.3801
0.5122 0.4815 0.4697 0.4684 0.4702 0.4795 0.4923
1.2033 1.0384 0.9310 0.8814 0.8445 0.7979 0.7741
5.1364 4.3975 3.8445 3.5611 3.3317 2.9929 2.7632

(0.1, −0.7, 0) (0.25, −0.7, 0) (0.4, −0.7, 0) (0.5, −0.7, 0) (0.6, −0.7, 0) (0.8, −0.7, 0) (1, −0.7, 0)
0.2813 0.2928 0.3089 0.3208 0.3331 0.3574 0.3801
0.5559 0.5020 0.4793 0.4740 0.4735 0.4804 0.4923
1.3802 1.1297 0.9774 0.9105 0.8623 0.8031 0.7741
5.8519 4.8295 4.0884 3.7193 3.4300 3.0231 2.7632

(0.1, −0.5, 0) (0.25, −0.5, 0) (0.4, −0.5, 0) (0.5, −0.5, 0) (0.6, −0.5, 0) (0.8, −0.5, 0) (1, −0.5, 0)
0.2779 0.2904 0.3072 0.3195 0.3321 0.3570 0.3801
0.6293 0.5315 0.4916 0.4808 0.4772 0.4814 0.4923
1.6389 1.2500 1.0338 0.9442 0.8820 0.8086 0.7741
6.6629 5.3144 4.3622 3.8961 3.5378 3.0545 2.7632

(0.1, −0.3, 0) (0.25, −0.3, 0) (0.4, −0.3, 0) (0.5, −0.3, 0) (0.6, −0.3, 0) (0.8, −0.3, 0) (1, −0.3, 0)
0.2745 0.2873 0.3047 0.3175 0.3306 0.3564 0.3801
0.9164 0.6140 0.5183 0.4942 0.4839 0.4829 0.4923
2.3973 1.5386 1.1476 1.0068 0.9163 0.8174 0.7741
8.1453 6.1962 4.8387 4.1993 3.7196 3.1046 2.7632

(0.1, 0, 0) (0.25, 0, 0) (0.4, 0, 0) (0.5, 0, 0) (0.6, 0, 0) (0.8, 0, 0) (1, 0, 0)
0.2740 0.2855 0.3031 0.3162 0.3296 0.3560 0.3801
1.4622 0.7409 0.5471 0.5063 0.4894 0.4840 0.4923
3.3713 1.8903 1.2570 1.0604 0.9433 0.8235 0.7741
9.3328 6.9269 5.2180 4.4313 3.8557 3.1397 2.7632

(0.1, 0.2, 0) (0.25, 0.2, 0) (0.4, 0.2, 0) (0.5, 0.2, 0) (0.6, 0.2, 0) (0.8, 0.2, 0) (1, 0.2, 0)
0.2760 0.2840 0.3007 0.3141 0.3280 0.3553 0.3801
2.2828 1.2732 0.6339 0.5341 0.4999 0.4857 0.4923
4.8523 2.8993 1.5307 1.1714 0.9928 0.8334 0.7741
10.8051 8.2712 5.9197 4.8418 4.0862 3.1955 2.7632

(0.1, 0.5, 0) (0.25, 0.5, 0) (0.4, 0.5, 0) (0.5, 0.5, 0) (0.6, 0.5, 0) (0.8, 0.5, 0) (1, 0.5, 0)
0.2802 0.2845 0.2987 0.3121 0.3264 0.3546 0.3801
3.7650 1.8865 0.9133 0.5890 0.5151 0.4876 0.4923
6.8654 4.0778 2.1360 1.3553 1.0586 0.8443 0.7741
13.2762 9.4724 6.8579 5.3568 4.3567 3.2557 2.7632

(0.1, 0.8, 0) (0.25, 0.8, 0) (0.4, 0.8, 0) (0.5, 0.8, 0) (0.6, 0.8, 0) (0.8, 0.8, 0) (1, 0.8, 0)
0.2835 0.2857 0.2977 0.3107 0.3252 0.3541 0.3801
4.7846 2.3849 1.2003 0.6721 0.5300 0.4889 0.4923
8.5897 4.7372 2.6452 1.5782 1.1173 0.8520 0.7741
14.8487 10.9785 7.5180 5.7916 4.5665 3.2983 2.7632

(0.1, 1, 0) (0.25, 1, 0) (0.4, 1, 0) (0.5, 1, 0) (0.6, 1, 0) (0.8, 1, 0) (1, 1, 0)
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Table 6: Performance of the GSB* Divergence estimator based on MSE under the contaminated
model (1 − ε)N (0, 9) + εχ2

10

0.2934 0.3001 0.3134 0.3242 0.3355 0.3584 0.3801
0.4683 0.4598 0.4587 0.4614 0.4660 0.4782 0.4923
1.0016 0.9330 0.8736 0.8439 0.8209 0.7903 0.7741
4.0671 3.8291 3.5296 3.3530 3.1986 2.9494 2.7632

(0.1, −1, 0) (0.25, −1, 0) (0.4, −1, 0) (0.5, −1, 0) (0.6, −1, 0) (0.8, −1, 0) (1, −1, 0)
0.2904 0.3006 0.3106 0.3222 0.3328 0.3552 0.3801
0.4980 0.4799 0.4697 0.4684 0.4701 0.4786 0.4923
1.1270 1.0112 0.9310 0.8814 0.8437 0.7967 0.7741
4.8735 4.3011 3.8445 3.5611 0.3292 2.9843 2.7632

(0.4, −0.5, −4) (0.5, −0.5, −4) (0.4, −0.7, 0) (0.5, −0.7, 0) (0.8, −0.6, −4) (0.8, −0.1, −4) (1, −0.7, 0)
0.2804 0.2923 0.3063 0.3123 0.3295 0.3467 0.3801
0.5443 0.4934 0.4747 0.4714 0.4707 0.4746 0.4923
1.3512 1.1006 0.9667 0.9292 0.8589 0.8105 0.7741
5.8320 4.7985 4.0617 3.8506 3.4199 3.0953 2.7632

(0.27, −0.5, −4) (0.42, −0.5, −4) (0.55, −0.5, −4) (0.6, −0.5, −4) (0.6, −0.3, −4) (0.8, −0.3, −4) (1, −0.5, 0)
0.2773 0.2904 0.3006 0.3552 0.3279 0.3556 0.3801
0.5871 0.4980 0.4799 0.4786 0.4694 0.4801 0.4923
1.5284 1.1270 1.0112 0.7967 0.8592 0.8020 0.7741
6.5137 4.8735 4.3011 2.9843 3.4297 3.0107 2.7632

(0.6, −1, −4) (0.4, −0.5, −4) (0.5, −0.5, −4) (0.8, −0.1, −4) (0.8, −0.7, −4) (0.7, 0, −4) (1, −0.3, 0)
0.2767 0.2849 0.2976 0.3113 0.3205 0.3556 0.3801
0.6111 0.5370 0.4924 0.4754 0.4714 0.4801 0.4923
1.6196 1.2907 1.0714 0.9489 0.8966 0.8020 0.7741
6.8306 5.4926 4.5668 3.9459 3.6492 3.0107 2.7632

(0.4, −0.7, −4) (0.1, −0.3, −4) (0.25, −0.3, −4) (0.4, −0.3, −4) (0.5, −0.3, −4) (0.7, 0, −4) (1, 0, 0)
0.2767 0.2793 0.2904 0.3006 0.3295 0.3467 0.3801
0.6111 0.5546 0.4980 0.4799 0.4707 0.4746 0.4923
1.6196 1.3954 1.1270 1.0112 0.8589 0.8105 0.7741
6.8306 6.0041 4.8735 4.3011 3.4199 3.0953 2.7632

(0.4, −0.7, −4) (0.25, −0.5, −4) (0.4, −0.5, −4) (0.5, −0.5, −4) (0.6, −0.3, −4) (0.8, −0.3, −4) (1, 0.2, 0)
0.2767 0.2793 0.2904 0.3006 0.3295 0.3467 0.3801
0.6111 0.5546 0.4980 0.4799 0.4707 0.4746 0.4923
1.6196 1.3954 1.1270 1.0112 0.8589 0.8105 0.7741
6.8306 6.0041 4.8735 4.3011 3.4199 3.0953 2.7632

(0.4, −0.7, −4) (0.25, −0.5, −4) (0.4, −0.5, −4) (0.5, −0.5, −4) (0.6, −0.3, −4) (0.8, −0.3, −4) (1, 0.5, 0)
0.2767 0.2793 0.2904 0.3006 0.3295 0.3467 0.3801
0.6749 0.5546 0.4980 0.4799 0.4707 0.4746 0.4923
1.8446 1.3954 1.1270 1.0112 0.8589 0.8105 0.7741
7.5414 6.0041 4.8735 4.3011 3.4199 3.0953 2.7632

(0.1, −0.5, −4) (0.25, −0.5, −4) (0.4, −0.5, −4) (0.5, −0.5, −4) (0.6, −0.3, −4) (0.8, −0.3, −4) (1, 0.8, 0)
0.2835 0.2857 0.2977 0.3107 0.3252 0.3541 0.3801
4.7846 2.3849 1.2003 0.6721 0.5300 0.4889 0.4923
8.5897 4.7372 2.6452 1.5782 1.1173 0.8520 0.7741
14.8487 10.9785 7.5180 5.7916 4.5665 3.2983 2.7632

(0.1, 1, 0) (0.25, 1, 0) (0.4, 1, 0) (0.5, 1, 0) (0.6, 1, 0) (0.8, 1, 0) (1, 1, 0)
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Figure 4: Plot of MSEs of the S*-Divergence estimator (yellow) and the GSB* Divergence estimator
(turquoise) under the (1 − ε)N (0, 9) + εχ2

10 contaminated model
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9 Real Data Analysis

Here we consider the practical implementation and usefulness of our proposal whenever it is applied on real

life continuous datasets. For illustration we have considered several data sets which nicely illustrate the

outlier stability of the proposed method.

A natural question that comes up in this connection is which set of tuning parameters to use when

analyzing a particular set of real data. For data which follow the model very closely, the maximum likelihood

estimator with the tuning parameter triplet (α, λ, β) = (0, 0, 0) or something close should work well. For

data sets which involve some departure from the model, more stable divergences such as those with large

values of α and/or large negative values of λ may be more desirable. In a particular situation, however, it

is not known apriori what proportion of data are anomalous, and we must have an automatic data-based

selection plan for tuning parameters. In this context we extend and use the tuning parameter selection

technique of Basak et al. (2021), which itself is a refinement of an older technique of Warwick and Jones

(2005). The latter procedure constructs an empirical mean square error against the target parameter as a

function of the tuning parameter and an initial robust pilot estimator. This mean square error can then be

minimized over the tuning parameter to obtain an optimal estimate of this parameter (as a function of the

pilot estimator). Basak et al. (2021) add another iterative layer to this procedure and this refined procedure

overcomes the pilot dependence. We apply this tuning parameter selection algorithm in our subsequent

data analysis exercise, by extending the search over a three dimensional space, where β is restricted to be

equal to −4. For comparison we will also present the tuning parameter selected by the Hong and Kim

(2001) algorithm. In the following we will denote the three algorithms as HK (Hong and Kim, 2001), OWJ

(ordinary Warwick-Jones; Warwick and Jones, 2005) and IWJ (iterated Warwick-Jones; Basak et al., 2021).

Example 1. (Short’s Data): The data, consisting of observations regarding the parallax of the sun, the

angle subtended by the earth’s radius, as if viewed and measured from the surface of the sun. The data are

taken from Stigler (1977). The raw observations, containing one extreme outlier, have been presented in

Table 7.

Table 7: Short’s Data
8.65 8.35 8.71 8.31 8.36 8.58 7.8 7.71 8.30
9.71 8.50 8.28 9.87 8.86 5.76 8.84 8.23

In this case, we first adopt the Basu-Lindsay approach to get the GSB* divergence estimators and the
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application of the three tuning parameter selection algorithms on the derived GSB* divergence estimators

lead us to the following result. For the full dataset, the MLE of (µ, σ) equals (8.378, 0.846), whereas the

MLE after removing the extreme outlier is (8.541, 0.552). After the implementation of the three algorithms

on the full data, the OWJ, IWJ and HK estimators will be (8.410, 0.423), (8.409, 0.537) and (8.275, 0.874),

corresponding to the triplets (0.57, 0.96,−4), (0.50, 0.96,−4) and (0.08, 0.89,−4), respectively. It is clear that

the non-robust HK estimator is quite close to the full data MLE, whereas the opposite scenario is observed

in case of the IWJ and the OWJ estimators. On the other hand, if we apply the three algorithms on the

outlier-deleted data, then the HK and the IWJ estimators are identical, i.e, (8.515, 0.544), which is quite

close to the outlier-deleted MLE, and the OWJ estimator is not identical but quite close to these two, i.e.,

(8.410, 0.388) corresponding to (0.57, 0.96,−4).

Example 2. (Newcomb’s Data): These data include Newcomb’s measurements of the velocity of light, which

are based on observations, in the U.S. in 1882, of the passage time of light over a distance of 3721 meters and

back. These data can also be found in Stigler (1977). The observations, containing two outliers, are given in

Table 8. The full data MLE is (26.212, 10.745), whereas the outlier-deleted MLE is (27.750, 5.083). For the

Table 8: Newcomb’s Data
28 26 33 24 34 −44 27 16 40 −2
29 22 24 21 25 30 23 29 31 19
24 20 36 32 36 28 25 21 28 29
37 25 28 26 30 32 36 26 30 22
36 23 27 27 28 27 31 27 26 33
26 32 32 24 39 28 24 25 32 25
29 27 28 29 16 23

full data, if we apply the three algorithms, we would get (27.472, 4.984) and (26.472, 10.483) as the OWJ/IWJ

estimator and the HK estimator, corresponding to the triplets (0.56, 0.98,−4) and (0.45, 0.98,−4), respec-

tively. Evidently, the OWJ/IWJ estimator is close to the outlier-deleted MLE, whereas the HK estimator is

closer to the full data MLE. On the other hand, if we consider the outlier-deleted data, the OWJ/IWJ es-

timator will be (27.515, 4.821) corresponding to (0.56, 0.98,−4) and the HK estimator will be (27.783, 4.940)

corresponding to (0.01, 0.98,−4) and, as expected, both the estimators are quite close to each other.

Example 3. (Alkalinity Data): The dataset is based on the average alkalinity level of public water wells

in Suffolk County, New York, USA in 1990. These data can be found in Thode Jr. (2002, p. 347). The

sample contains observations of 58 wells, which can be well-modelled by the normal distribution. The data,

containing three outliers, are represented in the table below.
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Table 9: Alkalinity Data
29 34 30 36 48 32 42 36 48 38
42 31 48 48 35 46 32 27 45 45
23 35 31 27 34 41 39 36 72 38
39 63 35 31 21 26 41 29 38 60
41 29 44 50 33 33 38 39 28 34
26 26 30 26 37 34 31 33

The implementation of these three algorithms and the maximum likelihood estimation on the full and the

outlier-deleted data led us to the following results given in Table 10. Some significant fits based on these

derived estimates are given in Figure 5.

Table 10: Optimal estimates for the Alkalinity Data

data method optimal θ̂ optimal (α, λ, β)
Full data IWJ/OWJ (35.0381, 7.7976) (0.57,−0.58,−4)

HK (37.1492, 10.5708) (0.01, 0.96,−4)
MLE (36.9483, 9.6016) (0, 0, 0)

Clean data IWJ (35.3194, 7.0145) (0.15,−0.58,−4)
OWJ (35.1444, 7.3329) (0.43,−0.58,−4)
HK (35.3308, 6.8655) (0.01, 0.96,−4)

MLE (35.4182, 7.0545) (0, 0, 0)

Figure 5: Some significant fits for the Alkalinity Data under the Normal model.
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10 Conclusion

The extension of the Bregman divergence has led us to the introduction of some new, superfamily of di-

vergences which, through further refinement, has helped us to generate highly robust estimators with an

insignificant amount of compromisation in efficiency. Under both discrete and continuous setups, we have

figured out some estimators whose performances are even better than the “best” S∗-divergence estimators.

Our next target is to implement this extension in the field of testing hypotheses. Through some further

modification in this extension, we are hoping to achieve some good tests leading to better analyses.
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